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Abstract

Heat-entropy analogies are applied to problems involving phase change heat transfer with fluid flow. In the ex-
perimental studies, entropy is not measured directly, but temperature and other measurements yield associated entropy
results for improved understanding of the phase change processes. The entropy-based framework is shown to serve an
important role in modelling of momentum phase interactions and thermal recalescence, as well as numerical stability in
the computations. Numerical and experimental results indicate that entropy can serve as an effective variable in de-
scribing and predicting various interfacial processes during phase change. © 2001 Elsevier Science Ltd. All rights

reserved.

1. Introduction

Due to the importance of solid-liquid phase change
in various applications (i.e. materials processing, ice
accretion on structures, thermal energy storage in elec-
tronic assemblies), extensive research has examined in-
terface tracking during phase change. Previous
experimental studies on solidification and melting have
often employed aqueous mixtures such as sodium chlo-
ride-water [1] and ammonium chloride-water [2], due to
their translucency, low melting temperatures and simi-
larity with respect to dendritic solidification in metals.
Important transport processes have been observed in
these studies, including dendritic formations [2] and
planar interface movement [3]. Furthermore, recent
studies have examined the potential benefits of micro-
gravity solidification processing. For example, Cahoon
et al. [4] have observed different microstructures during
microgravity solidification, in comparison to similar
conditions in unit gravity, as a result of lower dendrite
growth velocities (i.e. no convective mixing) in the
microgravity ingots.
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The primary difficulties in accurate interface tracking
are the typically unknown position of the phase inter-
face(s) and the influence of interdendritic flow on its
movement. Modelling of solidification shrinkage, due to
differences in density between solid and liquid phases,
can be handled by a simultaneous pressure—velocity
coupling in the two-phase zone [5]. Pockets or channels
of liquid are entrapped within the solid matrix during
dendritic solidification. Recent advances have incor-
porated the anisotropic characteristics of the two-phase
permeability to properly accommodate this momentum
transport [6]. Furthermore, Clyne and Kurz [7] assess
the role of rapid interface movement on the equilibrium
conditions at the phase interface. Additional research
innovations have identified the simultaneous processes
of momentum and solute transport at the moving phase
interface [8]. Both numerical studies (i.e. PHASES al-
gorithm) and experimental studies of these processes
have been conducted by Naterer and Schneider [9,10]).

Experimental studies of interface tracking often in-
volve temperature and/or fluid velocity measurements,
together with photographic observations of the interface
characteristics and motion during phase change. During
solidification processes, an observer may anticipate a
gradual temperature decline in the fluid as a result of
external cooling. However, additional phenomena, in-
cluding recalescence (temperature rise corresponding to
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Nomenclature

C solute concentration (pct.weight)
Aer  heat of fusion (J/kg)

Fo Fourier modulus (= at/Y?)

k thermal conductivity (W/m K)

t time (s)

T temperature (K)

Y domain height (m)

Greek symbols

o thermal diffusivity (m?/s)
u viscosity (kg/m s)

o density (kg/m”’)
Subscripts

1 liquid

S solid

0 initial

release of latent heat from freezing crystal), may arise.
Recent studies have investigated these detailed thermal
conditions, including local reheating during solidifica-
tion [11]. Due to the numerous unresolved questions
regarding transport processes during phase transition,
such as conditions leading to recalescence, there remains
a strong need for further experimental studies of these
processes.

In addition, despite the recent advances in under-
standing of phase change heat transfer, few studies have
considered the detailed significance of entropy transport
during the phase transition processes. Recent studies by
Naterer have utilized entropy in discrete modelling of
phase change [12,13] and fluid flow [14]. Despite the
potential importance of the second law of thermody-
namics in many applications, three main difficulties have
stalled the progress of entropy developments: (i) diffi-
culty in measuring entropy directly (unlike energy, or
temperature, and other conserved variables), (ii) in-
equality (second law) rather than equality (conservation
equations) and (iii) entropy de-coupling from energy,
solute concentration and momentum equations. As a
result, rapid advances involving phase change heat
transfer with fluid flow have appeared during recent
years despite only a sparse treatment of thermal irre-
versibility and entropy.

However, consideration of entropy can provide an
important mechanism for further understanding of
many practical problems such as defect formations in
casting or extrusion applications. For example, material
defects may include porosity, or non-uniform dispersion
of alloy constituents (called macrosegregation). The
microstructures and morphological stability of the phase
interface are dependent on the molecular disorder at the
interface (i.e. entropy transport). The degree of entropy
change between solid and liquid phases affects molecular
disorder and properties of the solidified material.

In many instances, entropy transport may give deep
insight into various fundamental processes during
solidification of materials. In order to further appreciate
this potential insight, consider several specific applica-
tions where entropy mechanisms may provide key de-
tails in the understanding of specific material processes.

For example, further understanding of oxidation
phenomenon can be achieved by observing how manga-
nese precipitates grow on an iron surface during solidi-
fication. The precipitates exhibit a uniform orientation
and atomic order during growth on the iron surface.
Entropy transfer appears significant in this situation since
it gives a quantitative indication of microscopic disorder
during the precipitate formation. Furthermore, it appears
important in iron oxide processing since this oxide can
have a square symmetry of atoms in the iron surface
where the oxide grows. Atomic symmetry and entropy
are closely related, and therefore, information about the
oxide orientation and entropy can give important clues
about what causes corrosion in this material.

An important example involving electronics appli-
cations is semiconductor technologies. Concentric hex-
agonal pits in cadmium sulphide (widely used
semiconductor) exhibit a high crystal symmetry. Dislo-
cation defects have been found to adversely affect elec-
trical properties of this semiconductor, i.e., increase/
decrease conductivity by 1000-100,000 times. These
defects in the crystalline structure may arise from dilute
hydrochloric acid deposits on the crystal surface. In
terms of entropy transport, dislocation defects could be
reduced through minimal entropy production during
material formation. Also, phase change materials
(PCMs) have been applied to thermal management of
electronic assemblies [15]. In this case, the temperature
difference between an electronic component and the
PCM, AT, at a fixed heat transfer rate, Q, is reduced as
the entropy production rate, QAT /T?, is minimized.

Despite the recognized importance and extensive re-
search dealing with the previously mentioned applica-
tions, a relative lack of attention has been devoted to the
understanding of entropy transport during these pro-
cesses. In particular, two-phase entropy transport during
solidification, including entropy production and entropy
of fusion, has received sparse attention. In this paper,
experimental studies will be described for studies of
heat-entropy analogies. Comparisons between numeri-
cal predictions (based on PHASES algorithm [9]) and
the experimental results will be presented. Finally, an
assessment of the analogies in providing insight into
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various transport phenomena during phase transition
will be discussed.

2. Heat transfer experiments

Experimental studies of phase change with fluid flow
were conducted with a semi-transparent, aqueous mix-
ture in a rectangular enclosure. The experiments con-
sisted of photographic observations of the phase
interface motion, and various measurements, including
thermocouple measurements, of thermal and dynamic
processes during solidification. An ammonium chloride—
water (NH4Cl-H,O) mixture with a binary eutectic
phase diagram, involving previously reported thermo-
physical properties [6], was investigated in the present
work. A range of water compositions between Cy = 0.68
and Cy = 0.76 was investigated. Unlike liquid metals,
this mixture’s low (room temperature) freezing point
and high transmissivity characteristics in the liquid
phase permit easy and clear visual examination of the
solidification process. Due to its low entropy of fusion,
NH,CI-H,0 solidifies in a dendritic nature like many
binary metal alloys. A freezing material with a low en-
tropy of fusion has a high tendency to incorporate new
atoms onto the solid crystals, or dendrite arms, because
of small differences in structure and density between the
solid and liquid phases.

The rectangular test cell (see Fig. 1(a)) was con-
structed with brass heat exchanger walls at the side and
bottom faces and plexiglass windows on the front, back
and top faces. The observation area dimensions
(10.16 x 7.94 cm?) permitted an adequate clearance
between internally placed thermocouples. It was as-
sumed that sufficient cell depth (21.27 cm) was achieved
to effectively remove three-dimensional variations of
thermal and flow fields along the centre measurement
plane (see Appendix A). At the specified cell depth and
flow conditions, the ratio between the front and back
side frictional forces to the net friction force was ap-
proximately 10% in the worst case (initial condition)
situation. At subsequent stages of solidification, this
ratio was reduced because the exposed liquid area on the
observation windows was reduced. Since the front and
back frictional forces were sufficiently small in com-
parison to the side and base wall frictional forces, the
internal flow field was considered two-dimensional in
character. Visual observations of the solidification pro-
cesses confirmed these assertions.

The observation windows were designed with double-
pane plexiglass with a 9.5 mm thick interior window and
a 0.6 mm thick exterior window. An internal 9.5 mm air
gap minimized three-dimensional heat transfer effects
through the ends of the test cell. It was estimated that
the conduction resistance through the side walls was less
than 1.0% of the thermal resistance of the front and
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Fig. 1. (a) Experimental test cell and (b) thermocouple grid.

back plexiglass composite system (see Appendix A). As a
result, three-dimensional thermal effects were also con-
sidered negligible. The side and bottom brass plates were
machined with internal parallel passages to provide
uniform coolant flow characteristics through each
channel and uniform heat extraction through each plate.
Each plate heat exchanger was attached to a thermal
bath and control unit through insulated PVC tubing. An
antifreeze liquid (ethylene glycol) was used as the cool-
ant. Pressure port and suction port lines from the ther-
mal bath were divided into three distinct lines for each
heat exchanger in the test cell (see Fig. 1(a)).

The thermocouple grid consisted of 16 copper—con-
stantan type T, 0.5 mm diameter, bare wire thermo-
couples soldered at the midplane within a plexiglass
frame (see Fig. 1(b)). The thermocouple frame was in-
serted into the test cell before each simulation. The
horizontal locations of each thermocouple column
within the grid were 0.64, 2.54, 5.72 and 7.62 cm, re-
spectively. The vertical locations of each thermocouple
row within the grid were 0.64, 2.54, 5.08 and 7.62 cm,
respectively. Convection and conduction losses down
the thermocouple wires were considered negligible (see
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Appendix A). Thermocouples were assembled within the
cell walls and flow lines to monitor the boundary and
system conditions. Side wall midplane temperatures
were monitored at heights of 7.62 and 2.54 cm and the
base midplane temperatures were monitored at a dis-
tance of 2.54 cm from each side wall.

Although entropy is a main focus of this work, it is
not measured directly, but rather indirectly, through the
above thermocouple measurements. For an incom-
pressible binary component mixture, entropy varies with
temperature and concentration, and phase fraction can
be estimated based on these two values and the binary
phase equilibrium diagram. From the Gibbs equation, it
is noted that the entropy change effectively arises from
an energy change with respect to temperature and con-
centration. In the present studies, only the effects of
temperature on entropy change will be recorded. In
single phase experiments, it has been shown that the
remaining Dufour effects due to concentration are typ-
ically negligible [16]. During phase transition, the addi-
tional entropy change of fusion can be inferred by
temperature measurements corresponding with the rate
of release (or absorption) of latent heat. As a result, it is
anticipated that the current thermocouple measurements
can provide the main information regarding entropy
change in the current experiments.

In each experiment, the side and base walls were
maintained at sub-zero temperature conditions and the
top surface was fixed with an insulating cover. Tem-
perature measurements were recorded on a regular basis
with a data acquisition system. The system’s accuracy
with the thermocouple measurements was assessed as
+0.4 K. Additional errors due to heat losses from the
thermocouple junction are assessed in Appendix A. Vi-
sual observations were recorded with a Sony handycam
recorder and photographed with a Canon AE1 camera.
Additional colour photographs of the digital image
scans were obtained with a Minolta X-370 camera.
Quantitative studies and qualitative (video—photo-
graphic) studies were conducted separately to avoid in-
terference between each other. Identical test cases were
performed at least twice to confirm repeatable results.

The results from experimental and numerical studies
will be presented in the following section. In these
studies, heat-entropy analogies will be examined in view
of understanding and predicting various interfacial
processes during solid-liquid phase change with fluid
flow.

3. Applications and results

In the following first problem, numerical studies are
compared with experimental data of Yoo and Viskanta
[6], whereas the experiments described in the previous
section are utilized in the subsequent second problem.

3.1. Problem 1: phase change with single convective cell

In this problem, predictions of binary mixture solid—
liquid phase change with free convection in a two-
dimensional domain are investigated (see Fig. 2(a)) in
conjunction with some heat—entropy analogies. Solidi-
fication of an aqueous ammonium chloride solution in a
square enclosure (4.7 x 4.7 cm?) is examined. This bi-
nary solution has a phase equilibrium diagram with
eutectic and melting temperatures of 7, = 258 K and
T = 633.6 K, respectively. In this problem, the left and
right boundaries are maintained at isothermal con-
ditions of 7' = 307.5 K and T = 253 K, respectively, and
the upper and lower boundaries are well insulated
(adiabatic).

The initial water composition was assumed uniform
at Cp =0.70. Thermophysical properties include
p= 1112 kg/m’, ¢,) = 3249 J/kg K, ¢, = 1870 J/kg K,
k =0.58 W/m K, k,=0.39 Wm K, D=1.0x 10"
m?/s (mass diffusivity), Ae; = 314 kJ/kg and u = 1.6 x
1073 kg/m s. Finite element grids and results with
25 x 25,30 x 30 and 40 x 40 elements are presented and
the transient solutions are performed to ¢ = 2400 s. The
numerical accuracy and performance of the overall
formulation, including the impact of various heat-en-
tropy analogies, will be assessed. This assessment in-
volves both grid and time-step sensitivity studies as well
as comparisons with experimental data.

Results from the numerical simulations are shown in
Figs. 2-4. Fig. 2(b)-(d) shows the isotherms (dimen-
sionless 0.1 increments), liquid fraction contours and
velocity vectors at ¢ = 480 s, respectively. At this stage of
solidification, heat conduction remains dominant in the
solid and mushy regions near the right boundary, but a
buoyancy-driven recirculation cell distorts the isotherms
in the liquid region (see Fig. 2(b) and (d)). In Fig. 2(d),
the results illustrate the upward flow near the hot
boundary and the downward liquid flow along the
colder phase interface. Momentum is transported across
the liquidus interface by liquid shear stresses and bulk
liquid penetration across the phase interface.

In the finite element computations, numerical
iterations are performed within the energy equation
(phase—temperature iterations) and between species
concentration, fluid flow and energy equations [9]. The
phase—temperature iterative rules enforce passage of
each finite volume through a two-phase region (thereby
experiencing latent heat) and appropriate phase change
of neighbouring volumes. It may be shown that these
thermal guidelines are essentially discrete analogies of
the second law of thermodynamics (type of heat-en-
tropy analogy). In the computations, phase-temperature
convergence is typically achieved within 10 iterations;
the iterative procedure permits reliable convergence
performance while successfully interacting with the phase
equilibrium diagram and solute transport equation.
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Fig. 2. Problem 1: (a) schematic, (b) isotherms, (c) liquid fraction contours and (d) velocity vectors (# = 480 s).

Furthermore, stable inter-equation convergence with the
mass and momentum equations was achieved. In con-
ventional iterative techniques, such as Picard iteration,
interface tracking is often based on ad hoc convergence
tolerances while randomly cycling through tentative
phase distributions in many cases. In contrast, the cur-
rent formulation provides an efficient and physically-
based alternative using the second law.

Results at + = 1200 s are illustrated in Fig. 3. The
recirculating flow (3(c)) further affects the profiles of
isotherms (Fig. 3(a)) and liquid fraction contours (Fig.
3(b)). The phase interface profile (f; = 1 contour) shows
that convection of cold interdendritic fluid has occurred
along the lower boundary. Phase change occurs along
the lower boundary due to this convective heat transfer,
as well as a reduction of liquidus temperature due to
convective transport of solute. On the other hand, up-
ward flow of warmer liquid along the left boundary

maintains a liquid region along the top left portion of
the cavity.

Fig. 4(a)—(c) illustrate midpoint liquid concentration,
temperature profile (along horizontal cavity midplane)
and phase interface position, respectively. In Fig. 4(a)—
(c), results with the present PHASES algorithm are
compared with experimental and computational results
of Yoo and Viskanta [6]. Grid refinements with 25 x 25,
30 x 30 and 40 x 40 elements, as well as time-step re-
finements with Fo = 0.04, Fo = 0.02 and Fo = 0.01 are
presented, where Fo = aAt/Y?, o and Y refer to Fourier
modulus (dimensionless time), thermal diffusivity and
cavity height, respectively. As grid and time-step re-
finement are effected, the results show that reasonably
close agreement is achieved between the current com-
putations and results of Yoo and Viskanta [6].

Also, Fig. 4(c) illustrates a close agreement between
predicted (PHASES) and experimental results involving
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Fig. 3. Problem 1: (a) isotherms, (b) liquid fraction contours and (c) velocity vectors (z = 1200 s).
y
phase interface  position  (dimensionless), Yx previously mentioned isotropic permeabilities [17,18]),

(LIQUIDUS), at = 1200 s. The present permeability
model will be interpreted in terms of a heat-entropy
analogy whereby thermal irreversibility is used as a
weighting factor (i.e. based on entropy production
rather than temperature gradient) in establishing the
dendritic growth direction and porosity of the solid—
liquid mixture. It can be observed that improved accu-
racy is obtained with the entropy-based permeability in
the PHASES algorithm (as compared with isotropic
permeabilities adopted by Mehrabian et al. [17] and
Blake and Kozeny [18]). The weighting factor between
crossflow and axial components of anisotropic per-
meability is based on the direction of maximum thermal
irreversibility because dendritic growth occurs predom-
inantly in this direction. If this weighting is omitted (i.e.

Fig. 4(c) shows that the two-phase permeability and rate
of interface advance may be over-estimated.

An alternative way of interpreting these results is that
entropy is indirectly related to the pressure drop through
the interdendritic region. This relationship is analogous
to Bernoulli’s equation whereby head losses arising from
wall friction in viscous pipe flows can be written in terms
of entropy produced within the boundary layer. In this
way, the magnitude of entropy production is related to
frictional head losses in the pipe. In a similar way for
interdendritic flow, the component of thermal irrevers-
ibility in the direction normal to the local flow direction
suggests a corresponding weighting of permeability and
pressure drop associated with the crossflow direction.
The results in Fig. 4(c) show that a permeability
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weighting on crossflow direction can have a significant
impact on interface tracking during phase change. The
following example provides further experimental data in
support of the effectiveness of heat-entropy analogies in
phase change problems.

3.2. Problem 2: phase change with double (counter-
rotating) convective cells

Numerical and experimental studies of binary mix-
ture solidification in a rectangular enclosure with an

insulated top cover were also conducted. A list of initial
and boundary conditions for each experiment and test
case is given in Table 1. A fixed external rate of cooling
was provided by the thermal bath and the resulting
transient decline of wall temperatures was recorded. A
polynomial fit of these experimental wall measurements
is also summarized in Table 1. The coefficients for wall
temperature (i.e. ap, a; and ay) represent a least squares
fit of side wall (first row) and base wall (second row)
temperature measurements to a second order poly-
nomial for four test cases (described below). In these
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Table 1
Experiment boundary/initial conditions
Case Ty (K) Tharn (K) G, (H,0) a a ag
1 318 258 0.72 -3.163 20.023 262.88
—-1.554 12.461 262.50
2 318 263 0.68 —4.625 28.921 265.62
-1.303 13.578 265.25
3 343 263 0.68 -9.453 56.002 267.10
-1.199 16.728 266.27
4 343 263 0.76 -9.396 54.423 268.53
—-0.987 13.179 265.75

studies, heat-entropy analogies are directed at two-
phase permeability, recalescence, coarsening and the
overall performance and accuracy of the numerical
formulation. In each case, T, and C, refer to initial
temperature and water concentration in the binary
mixture, respectively.

321 Case ] (Ty =318 K, Cp=0.72)

In this case, the phase interface advances rapidly and
nearly uniformly across the side and bottom walls dur-
ing early stages of solidification. Thermal and solutal
buoyancy in the liquid region generates two counter-
rotating convection cells on the left and right sides of the
cavity, respectively (see Fig. 5(a)). Upward transport of
crystals by these convection cells and sedimentation of
crystals along the vertical midplane creates a growing
mushy layer (NH4Cl dendrites and liquid) along the
lower boundary of the domain. A variety of exper-
imental measurements were obtained, including ther-
mocouple measurements and digitally captured images
(scanned by pixel intensity thereby delineating phase
fraction contours), during solidification (i.e. see Fig.
5(b)). It was observed that crystals along the vertical
midplane descended to create an inverted V-shaped
sedimentation layer. Due to different sizes and structures
of crystals, the descent of various crystals was initiated
at different positions. It is anticipated that local thermal
conditions, including thermal buoyancy, affected each
crystal’s trajectory prior to its descent and sedimentation
along the lower boundary.

Experimental results for temperature at several inte-
rior locations are illustrated in Fig. 6. Thermocouple
measurements at positions 6 and 7 experienced a slower
rate of temperature decline in comparison to the other
locations because of their proximity to the stagnation
points of the above-mentioned thermal convection cells.
This proximity reduced the rate of convective transport
of colder interdendritic fluid to these locations. Other
temperatures generally declined in a monotonic fashion
except locations 6-8 where local heating, or recal-
escence, created a temporary thermal fluctuation at
t = 370 s. Similar observations of recalescence have been
recorded by other researchers [19]. In addition to simi-

larity with other reported results involving recalescence
in aqueous ammonium chloride, it should be noted that
repeatable results were obtained in these experiments,
based on tests performed at least twice under identical
conditions.

(4

o

convection
cell *

-~~~

P e ke

(b)

Fig. 5. Problem 2: (a) schematic of convection cells within test
section and (b) sample digital imaging result.
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A period of recalescence (Af > 0) occurs when the
rate of latent heat release within a freezing crystal (or
dendrite) exceeds the rate of heat transfer from the
solid-liquid mixture around the crystal thereby creating
a local heating effect. It can be shown that the rate of
latent heat release is dependent on undercooling level,
AT (i.e. difference between wall temperature and equi-
librium freezing temperature), since the undercooling
level affects the amount of interfacial energy required for
crystals to melt back into the liquid near the phase in-
terface. The duration of recalescence, At¢, can be written
in a functional form where At ~ 4 — B/AT?. Only points
after the intersection between the At — AT curve and the
AT axis exhibit recalescence. Recalescence is generally
not observed at locations during periods where the
thermocouple remains entirely in the liquid phase (i.e.
location 5 during early time stages).

It is anticipated that entropy can serve as an effective
parameter in understanding and describing various as-
pects of these thermal processes, including interactions
between recalescence and coarsening. In particular, based
on consideration of the Gibbs equation and a heat bal-
ance on a freezing solid material, another heat-entropy
analogy is established, whereby the entropy change of the
material with respect to time is related to heat transfer
associated with recalescence and/or coarsening. In par-
ticular, a high entropy change coincides with a large
effective heat transfer coefficient (accounting for simul-
taneous local cooling and release of latent heat from so-
lidified crystal). Based on this information, the magnitude
and duration of recalescence, or coarsening and the
propagation of the liquidus interface, can be postulated.

In Fig. 7, the rate of entropy change (Fig. 7(c)), based
on corresponding temperature measurements (Fig. 7(a)
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and (b); Ty = 263 K), is illustrated. In comparison to
Fig. 6(a) and (b), it can be observed that a larger mag-
nitude and duration of recalescence is realized in the case
with a lower rate of external cooling (or higher tem-
perature of thermal bath). The release of latent heat
from newly forming and settling crystals at locations 2, 3
and 4 exceeds this lower rate of cooling, thereby yielding
a larger temporary rise of temperature during early
stages of solidification. In Fig. 7(c), it can be observed
that this temperature rise is accompanied by a positive
rate of entropy change (note: experimental approxima-
tion of derivative for entropy involves discrete tem-
perature/time differencing yielding positive ds/dr slightly
past origin of axis in Fig. 7(c)). The positive rate of
entropy change during early stages decreases rapidly and
becomes negative after approximately 0.13 h. At this
crossing point, the net rate of cooling exceeds the rate of
latent heat release. The observed end of recalescence in
Fig. 7(a) approximately coincides with the crossing
point in Fig. 7(c).

At location 1, the rate of entropy change generally
remains negative. It is anticipated that downward
buoyant flow reduces the solidification rate at this lo-
cation as freezing crystals and detached dendrites are
transported away by free convective motion near the
interface. This downward transport of colder interden-
dritic fluid provides a brief period whereby the rate of
entropy change remains lower at locations 2 and 3, in
comparison to location 1, after recalescence (see Fig.
7(c)). Beyond this stage, a generally negative yet in-
creasing rate of entropy change at all locations indicates
that external cooling exceeds the release of latent heat
from freezing crystals while the test cell approaches a
steady state.
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Fig. 7. Problem 2: (a)-(b) temperature and (c) rate of entropy change (7, = 263 K).

3.2.2. Case 2 (T) =318 K, C) =0.68)

In this case, a lower initial water concentration (in
comparison to case 1) yields a higher liquidus tempera-
ture and higher initial undercooling level (i.e. wall tem-
perature below liquidus temperature). Unlike the
previous case, crystal sedimentation in the form of an
inverted V-shaped layer is not observed because the
larger initial undercooling level initiates more rapid
growth of the stationary mushy layers along the bottom
wall relative to deposition of crystals from the convec-
tive cells. Initially, the phase interfaces propagate almost
uniformly outwards from the walls, but subsequent de-
velopment of the convective cells leads to more rapid
interface growth near the lower boundaries at later
stages of solidification.

In addition to experimental studies, numerical
simulations were investigated with the heat-entropy
analogies. The following conditions and assumptions
were adopted in the numerical simulations: (i) two-
dimensional flow with stationary solid phase, (ii)
uniform concentration and temperature initial condi-
tions and (iii) initially motionless liquid within the
test cell. Different mesh configurations (i.e. 400, 625,
900 and 1600 elements) and discrete time steps (i.e.

30 and 60 second steps) were used to establish in-
dependence of numerical results with respect to grid
spacing and time-step size. Although the time steps
may have been larger than timescales of some higher
frequency phenomena, such as thermal convection
instabilities and crystal free fall time, the implicit time
advance provided sufficient resolution of key overall
features and trends, including rate of phase interface
advance.

In the experimental results (i.e. solid lines in Fig.
8(a)—(c)), a similar pattern of warmer temperatures near
the stagnation point of the convective cell arises at lo-
cation 6 (in comparison to locations 2 and 3). It can be
observed from Figs. 6(b) and 8(c) that the initially higher
liquid undercooling level in case 2 prolongs the rec-
alescence period at ¢ ~ 370 s. In Fig. 8, recalescence is
observed where temperatures 2, 3 and 6 attain a local
minimum, ascend to a local maximum and then gradu-
ally decline. It was observed that these processes coin-
cided closely with the passage of the phase interface past
the thermocouple location. After the phase interface
passed the specified thermocouple location involving
recalescence, the temperature generally declined gradu-
ally to a steady-state value.
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Fig. 8. Problem 2:
change (case 2).

A comparison between computed and experimental
transient results at locations 2, 3 and 6 is also illustrated
in Fig. 8(a)-(c). At these locations, both diffusion and
convection processes are significant. Comparisons are
performed with a grid discretization of 30 x 30 elements
and the entropy-based (anisotropic) permeability is
adopted in the two-phase region. It can be observed that
the numerical results agree reasonably well with the
experimental data. The main trends and features are
predicted with reasonable accuracy. Although the nu-
merical results under-estimate the extend of recal-
escence, such as ¢ ~ 1000 s at location 6, a distinct change
in profile slope is predicted near this point, thereby
indicating the proper rising influence of latent heating
in comparison to external (sensible) cooling. Sudden

ds/dt (W/kgK)

(d)

comparison between numerical and experimental results at locations (a) 2, (b) 3 and (c) 6 and (d) rate of entropy
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changes in temperature profile slopes typically arise as a
result of these simultaneous effects. Also, in coarse grid
refinements (as compared to scale of crystal or dendrite
size), the release of latent heat is effectively averaged
throughout the finite volume thereby diminishing the
local magnitude of temperature rise occurring in re-
calescence. More accuracy can be realized as grid re-
finement is effected. Furthermore, it will be observed
that entropy will provide additional insight into these
recalescence processes.

In Fig. 8(d), the results of entropy change corre-
sponding with Fig. 8(a) and (b) are shown. A positive
rate of entropy change at location 6, and a smaller pos-
itive value at location 2, indicate only a small extent of
recalescence at this location (confirmed by measurements
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in Fig. 8(b)). Recalescence often promotes repetitive
freezing-melting cycles (i.e. oscillations observed in Fig.
8(d)). For example, if a freezing crystal (or detached
dendrite arm) releases latent heat and reheats the solid—
liquid mixture, it may melt surrounding solid back to a
liquid phase. Subsequent solute transfer may undercool
the region and once again generate thermal recalescence
(i.e. entropy change oscillation between negative and
positive value) albeit with a lower magnitude. It is an-
ticipated that heat transfer from the system throughout
the process reduces the undercooling levels at each
subsequent reheating period. This trend (reduced oscil-
lations at later time stages) is observed in Fig. 8(d).

Thermal irreversibilities arise during recalescence as
heat is released by freezing material and transferred to
the surrounding liquid or solid. Similarly, irreversibili-
ties arise during coarsening by heat absorption or
melting of smaller arms, as well as heat release by
growing larger arms. The relative magnitude of these
simultaneous effects can be interpreted in terms of
magnitude and slope of the entropy change. The mag-
nitude of the maximum entropy change indicates the
highest rate of reheating and coarsening, whereas the
duration of positive entropy change indicates the ap-
proximate time period of recalescence. As the coarsening
time increases, more smaller arms disappear while the
main dendrite arms grow larger and their spacing in-
creases.
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A comparison between experimental and computed
results of temperature along the first thermocouple col-
umn (i.e. thermocouple locations 1-4) was investigated
with 625 (25 x 25), 900 (30 x 30) and 1600 (40 x 40)
element grids. The computational results in Fig. 9(a)
illustrate good agreement with experimental results as
the grid was refined. In addition to good accuracy, the
application of phase-temperature iteration rules, based
on entropy principles, provides an effective method for
obtaining physically realistic and converged phase dis-
tributions in an efficient manner.

In Fig. 9(b), predictions of the liquidus interface
position with increasing time (or dimensionless time
given by Fourier modulus) are presented and compared
in terms of various permeability models, including the
entropy-based model in PHASES (as described in
companion paper), Mehrabian et al. model [17] and
Blake et al. model [18]. The interface position is plotted
in the horizontal plane at a height of 0.7H above the
bottom wall, where H refers to the height of the test cell.
It can be observed that good agreement between ex-
perimental and computational results is achieved and
similar results are obtained in all three cases. Recall that
more substantial differences between permeability
models were obtained in problem (i). Some notable
differences with this previous problem, including a lower
cooling rate, are present in the current problem. It is
expected that less convective transport perpendicular to
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Fig. 9. Problem 2: (a) grid refinement and (b) permeability studies (case 2).
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the growth direction of the advancing phase interface
would entail a diminished influence of the crossflow
component of permeability outlined in the current en-
tropy-based permeability model. In the following two
final cases, additional effects of initial liquid temperature
and solute concentration will be examined.

3.2.3. Case 3 (T) =343 K, C) = 0.68)

At a higher initial temperature, 7 = 343 K, and
water concentration of Cp = 0.68, larger temperature
fluctuations during recalescence (¢ ~ 0.28 h) at locations
6-8 were recorded (see Fig. 10(a)). The rate of entropy
change for locations 3, 4, 7 and 8 is illustrated in Fig.
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10(b). The rate of heating due to release of latent heat is
indicated by the magnitude of positive entropy change.
Also, coarsening contributes to local reheating since
small (secondary) dendrites may become unstable during
solidification and melt while the main dendrite arms
continue to grow. Since coarsening causes small arms to
shrink and/or melt at the expense of growing larger
arms, it often accompanies recalescence and so local
reheating is often associated with coarsening processes.
In Fig. 10(b), positive and negative rates of entropy
change provide evidence of contributions arising from
local heating (recalescence, coarsening) and external
cooling during phase transition.
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Fig. 10. Problem 2: temperature and rate of entropy change for (a)-(b) case 3 and (c)—(d) case 4.
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In the presence of natural convection, the extent of
coarsening is affected by the gradient between the in-
terdendritic solutal distribution and the surrounding
(incoming or bulk) fluid composition. Solute transferred
into the liquid by the main arm diffuses down a solute
gradient toward the smaller arm thereby lowering its
equilibrium liquidus temperature and melting the
smaller arm. However, convective fluid motion may
impede this diffusive flow between the dendrite arms and
a reduced rate of positive entropy change would indicate
a corresponding reduced extent of coarsening (i.e. re-
taining smaller arm spacings) and recalescence.

3.24. Case 4 (T) =343 K, C) =0.76)

Finally, all conditions of case 3 were repeated with
the exception of a higher initial water concentration. In
this case, Fig. 10(d) illustrates nominal positive entropy
change in comparison to the previous examples. This
observation was consistent with measurements of little
or no recalescence during solidification at any of the
designated thermocouple locations (see Fig. 10(c)). Heat
was primarily extracted from the liquid as sensible heat
throughout the early stages of solidification as a result of
a lower liquidus temperature in this example (as com-
pared with case 3). Beyond this point, only a relatively
small temperature difference existed between the liquidus
and wall temperatures. As a result, recalescence was not
significant in this test case.

In summary, the previous four cases have provided
several data points involving undercooling level, AT,
and period of recalescence, At. Thus, a comparison be-
tween theoretical predictions of A7 and measured data
can be performed. Based on the definition of interface
energy, o ~ I'As =107* J/mz, where I' refers to the
Gibbs-Thompson coefficient, it can be shown that

17.73

At (min) ~ 0.277 — ——
(min) =,

(1)
where At must remain positive. Thermophysical prop-
erty values for the NH,Cl-H,O mixture have been
adopted in Eq. (1).

Comparisons between experiments and theory for the
duration of the first recalescence period at ¢t =~ 370 s, in
terms of the undercooling level, are shown in Fig. 11.
Each set of markers for locations 6 and 7 represents
different experiments, including cases 1-3, at the onset of
recalescence. The recalescence period, At, is defined here
as the duration between this onset and the time whereby
the temperature declined below a local maximum by 0.5
K. Also, the undercooling level, AT, is defined here as
the temperature difference between the thermocouple
measurement at ¢ ~ 370 s and the liquidus temperature
at the initial solute concentration. In Fig. 11, it can be
observed that reasonable agreement was achieved be-
tween the theoretical predictions and the experimental
results. High undercooling levels promoted longer re-
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Fig. 11. Problem 2: summary of thermal recalescence results.

calescence periods whereas lower undercooling levels
(i.e. AT < 8 K) initiated phase transition at a rate which
released latent heat slower than the rate of heat transfer
from the crystal or detached dendrites (i.e. recalescence
not observed in some cases). These trends in recalescence
duration with respect to undercooling level can also be
observed in terms of the positive entropy change results
(i.e. Figs. 7(c), 8(d), 10(a) and (b)).

4. Conclusions

Numerical and experimental studies of solid-liquid
phase change with heat-entropy analogies have been
presented. An entropy-based approach is adopted for
stability of computations and efficient numerical itera-
tions in the finite element-volume numerical model. In
solidification problems with binary mixtures, a per-
meability model with an entropy-based weighting factor
is shown to provide an effective model of phase inter-
actions in the momentum equations. Furthermore, re-
calescence and coarsening processes are investigated
through analogies between heat and entropy processes.
In particular, the onset and duration of thermal re-
calescence was characterized by local rates of entropy
change. Good agreement between computational pre-
dictions and experimental results was achieved in the
current studies. In summary, it is anticipated that fur-
ther advances in understanding of interfacial processes
during phase change can be obtained through analogies
between heat and entropy processes.
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Appendix A. Experimental uncertainties

A.1. Three-dimensional flow field effects within the test
cell were negligible

A net static force balance on the fluid within the test
cell involves a balance between buoyancy and wall
friction forces. If the front and back wall friction forces
are comparable to the side friction forces, then the in-
ternal flow field may be distorted due to these end effects
even though it may appear to be a two-dimensional
flow.

Differentiating the velocity field in the similarity
profile for laminar free convection flow [20] and then
evaluating functional quantities at the wall (n = 0), we
obtain the following ratio of front and back frictional
forces to total cell frictional forces:

Fy 2HW
S Fy  2HW +r(2HD + WD)
plys (AT
where r = ailW = ( ) . (A.1)
Na_y|w4,f AT,

In the above equations, H, W, D and the subscripts s,
f-b and a represent cell height, width, depth and side,
front-back and ambient, respectively. For representa-
tive flow conditions, Ty ~ 313 K, T, ~ 253 K and the
frictional force ratio becomes approximately 10.0% in
the worst case (initial condition) scenario. In practice,
this ratio will be much smaller as solidification pro-
ceeds along the side and bottom walls. As a result,
the fluid flow was considered approximately two-di-
mensional in the centre measurement plane of the test
cell.

A.2. The plexiglass covers of the test cell were approx-
imately adiabatic

Considering an identical temperature difference
across the side brass (sb) wall and front plexiglass (fp)
wall, as well as conduction heat transfer across each wall
of thickness ¢, and cross-sectional area A, then the ratio
of heat flows between the front and side walls, w, may be
expressed as a ratio of thermal resistances [20], in the
following manner:

= tsb/ksbA
tfp] /kpr + ta/kaA + tpr/kpr ’

(A.2)

Considering equivalent areas, and actual thicknesses,
ty = 1.59 mm, tp, =, = 3.18 mm and #;,; = 1.59 mm,
then w &~ 0.0001%, i.e., heat losses through the window
gap are negligible. Within the air gap, Ra; ~ 1700 <
Rag; the effects of natural convection within the inter-
nal cavity are considered negligible as compared with
conduction heat transfer.
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Fig. 12. Thermocouple junction.

A.3. Thermocouple errors due to convection and conduc-
tion heat losses down the thermocouple wires were
negligible

A thermocouple error analysis revealed the magni-
tude of the heat losses from the thermocouple junction
(see Fig. 12). From an energy balance on the junction
(CV1)

Geonv = gcu + qco; (A3)

where Geonys gcu and gc, represent convection and con-
duction (copper and constantan wires) heat losses, re-
spectively. Radiation exchange with the walls has been
neglected. Convective heat transfer to the thermocouple
junction was estimated by a free convection correlation
from a sphere [20]

0.59Ra5%
Geonv = <20 + [1 + (0 47/[)";0.5625]0.444 >AIC(Tﬂ - th)

= (T — T, (A4)

where the subscripts tc and fl refer to thermocouple and
fluid, respectively. A fin analysis (CV2 and CV3) [20]
was then employed for the conduction heat losses, i.e.,

qcu :(kauA)[(nc - TO) COth(mX)
— (Tx — Ty) esch(mX)], (A.5)

where m = \/hP/kA and h and P refer to the local
convection coefficient and wire perimeter, respectively.
Defining T,. = Ty + ¢ (K) and combining Egs. (A.3)-
(A.5) yields a single equation for e:
fle)=ye+ Y {mkA[(Ta + € — Ty) coth(mX)
i=Cu,Co
— (Ty — Ty) csch(mX)]} = 0. (A.6)

The solution of Eq. (A.6) by Newton’s method, i.e.,
f(e)=0 (dy =0.51 mm, Ra=10x10% Pr=9.025,
Th =293 K and Ty = 293 K), yielded ¢/T < 1. As a re-
sult, the thermocouple errors were considered negligible.
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